The propagation and divergence properties of beams carrying orbital angular momentum (OAM) play a crucial role in many applications. Here we present a general study on the divergence of optical beams with OAM. We show that the mean absolute value of the OAM imposes a lower bound on the value of the beam divergence. We discuss our results for two different definitions of the divergence, the so called rms or encircled-energy. The bound on the rms divergence can be expressed as a generalized uncertainty principle, with applications in long-range communication, microscopy and 2D quantum systems.
I. INTRODUCTION
Since the initial work by Allen et al. [1] , the orbital angular momentum (OAM) of light has attracted increasing interest in multiple fields, including microscopy [2] , optical trapping [3] , astronomy [4, 5] , radio [6] and optical communication [7] [8] [9] [10] and fundamental physics [11] [12] [13] . OAM beams are characterized by a singular phase factor exp(i φ), where φ refers to the azimuthal angle around the beam axis and the topological charge, , is an integer parameter representing different OAM values [1] . When = 0, the beam presents an optical vortex on its axis due to the phase singularity.
The study of the propagation and divergence properties of OAM beams play a crucial role in many applications, and in particular in long-range communication systems [14, 15] and microscopy. In this context, standard Laguerre-Gaussian (LG) beams have already been studied in detail [16] [17] [18] [19] [20] . Recently [21] , a preliminary analysis was also carried out on the Circular Beam (CiB), which represents a general analytical solution of the paraxial wave equation with OAM [21, 22] . Indeed, several well known beams carrying OAM -such as the standard [23] or elegant [24] LG beams, Bessel-Gauss beams [25] , optical vortex beams [26] and others [22] -are particular cases of CiBs obtained by setting specific values to the beams' parameters. Moreover, CiBs naturally arise when q-plates [27] or phase plates [28] are used to general OAM from a Gaussian beam [21, 29] .
The divergence properties of generic incoherent superposition of LG modes can be easily bounded by knowing the divergence angles of the Laguerre-Gauss beams. However, for generic (coherent) beams -that can be always expressed as a coherent superposition of LG modes -there are no known bounds. One could image that by coherently adding different LG modes with the same OAM it could be possible to lower the divergence of the beam, by keeping fixed the value of the OAM. A central question is thus the following: by fixing the OAM content and arbitrarily changing the radial profile of a beam is it possible to reduce its divergence? The above question * vallone@dei.unipd.it is crucial for applications that require the optimization of the far-field propagation or the focusing properties of the used beam.
Here we answer to the above question by presenting a general study on the propagation and divergence properties of OAM beams, including CiBs as special case. The study on the divergence of optical beams will led to a formulation of an uncertainty principle, based on the mean value of the OAM. Our main result can be stated as follows: for any optical monochromatic paraxial beam with a mean value of OAM given by | | , the product of the spatial extent, σ r , and the spread σ k in the wavectorspace is lower bounded by
This result can be heuristically explained by noticing that, for an optical beam with units of OAM, the Poynting vector angle with respect to the propagation axis is given by /(kr) [30, 31] . Then, the "spreading" of the Poynting vectors, related to the beam divergence, tends to increase with . Our result is a kind of no-go theorem: any optimization of the beam radial profile cannot improve the divergence below the limit imposed by eq.
. We now derive eq. (1) and show how the inequality could be also exploited in microscopy and formulated as a position-momentum uncertainty principle.
II. BOUNDING THE RMS DIVERGENCE
Let's consider a generic monochromatic and paraxial beam propagating in the z direction: its wavefuction can be written as Ψ(x, y, z)e iωt , where ω is the angular frequency and k = ω/c the wavenumber. By defining x ⊥ = (x, y) = (r, φ) as the coordinate on the plane transverse to propagation, without loss of generality we can consider only beams with x ⊥ (z) = 0 [32] . The starting point for our analysis is the so called root-mean-square (rms) far field angle of divergence θ rms . This is defined, for a generic paraxial beam Ψ, as
where σ 2 r (z) is the variance of the intensity I(r, φ, z) = |Ψ(r, φ, z)| 2 given by:
The value of σ r (z) represents the beam radius at location z [16, 33] [34]. As underlined by the r.h.s. of eq.
(2), the far field angle of divergence θ rms quantifies the asymptotic rate of variation of σ r (z). The divergence θ rms can be explicitly evaluated by exploiting the expansion of Ψ in LG modes, a complete (orthonormal) basis set of solutions of the paraxial wave equation. Due to the completeness of the LG basis, any paraxial beam Ψ can be expanded as:
In the above expression the (complex) expansion coefficients ψ n, are adimensional and they are normalized such that n, |ψ n, | 2 = 1. The waist parameter w 0 of the LG modes determines the physical size of Ψ (see appendix A). The integers n and respectively represent the radial quantum number and the OAM content of each LG mode.
As first derived by Siegman in [17] , the square of the beam radius σ 2 r (z) of a generic beam has a parabolic dependence on z, namely σ
2 . The parameters σ m and z m represent the minimum value of σ r (z) and its location on the z-axis respectively. A pictorial representation of σ r (z) is given in Fig. 1 . As detailed in Appendix A, by exploiting the LG expansion of eq. (4), the parameters σ m , θ rms and z m can be related to the coefficients ψ n, . We note that σ m may be considered as a free parameter that determines the physical transverse size of the beam. Indeed, since w 0 and σ m are related through a combination of the coefficients ψ n, , by suitably tuning w 0 it is possible to arbitrarily choose σ m .
By multiplying σ m , θ rms and k it is possible to obtain an adimensional quantity, the so called beam quality M 2 rms -factor [35] , which is independent on the physical size of the beam. By exploiting the LG expansion of eq. (4), the M 2 rms -factor of a generic beam can be expressed as:
where α and β depend only on the expansion coefficients ψ n, of eq. (4). Their explicit expressions are the following:
with | | = n, | ||ψ n, | 2 and Φ = n, 2n|ψ n, | 2 . As suggested by the notation, | | represents the mean absolute value of the OAM of the beam.
The value of | | can be used to bound the rms divergence. As demonstrated in appendix B, the factor α 2 − |β| 2 is lower bounded by 1+ | | . Then, the main result of our analysis can be summarized by the following bound:
implying that the mean absolute value of the OAM increases the value of the beam divergence. We note that the well known [36, 37] inequality M 2 rms ≥ 1 for generic beams has no contribution of the orbital angular momentum as in eq. (1). Moreover, while it was well known that for a LG n, mode the beam quality factor is given by M 2 = 2n + | | + 1, it was not known what happens for a generic coherent superposition. We would like to point out that the bound was only known for incoherent superposition of LG modes [38] (with incoherent superposition we denote a beam whose intensity is given by
Only in this case, the M 2 factor is trivially bounded by 1 + | | since for incoherent superposition we have
One could ask the question whether by coherently adding different LG modes it is possible to reduce the divergence of the beam up to the standard bound M 2 rms ≥ 1. As shown by eq. (7), the answer is no, since the mean value of the OAM increases the lower bound on M 2 . The bound in eq. (7) is tight, since it can be achieved by arbitrary superposition of LG modes with n = 0. Indeed, for generic superposition ϕ LG 0, we have M This result can be easily converted to an Heisenberglike uncertainty principle (see eq. (1)). Indeed, the rms divergence θ rms is related to the standard deviation of the wavevectors. By defining the Fourier transform of the field as Ψ(k x , k y ) = 1 2π [35] . Then, at large z, the radial variance can be approximated to σ
2 the variance in the Fourier space. By using the definition (2) and by noticing that σ r ≥ σ m by definition, eq. (7) can be then rewritten as
As already said, the bound can be applied also to microscopy. Indeed, we may exploit the well-known relationship between the Fourier transform and the images in the focal plane of thin lenses [35] . In the focal plane the intensity is given by
Then, the spatial extent in the focus is given by
limiting the dimension of the focused spot when the beam carries OAM. We note that the above relation should be taken into account in the coupling of OAM beam into optical fibers. Finally, the bound (7) corresponds to an improved Heisenberg uncertainty principle. Indeed, the paraxial wave equation is mathematically equivalent to the 2D-Schrödinger equation for a free particle: the direction of propagation z becomes the time evolution parameter t for the free particle and the wavevector k is related to the particle momentum by k = p/ . Equation (8) is then equivalent to
for a free-particle in 2D carrying OAM. Eqs. (8), (9) and (10) are equivalent relations that show that the OAM becomes a fundamental quantity to study different problems, from the properties of optical beams in long-distance propagation, microscopy and optical fiber coupling to the behavior of 2D quantum freeparticles.
A. CiB case
As an example, we now explicitly evaluate the M 2 rms factor of the Circular Beams. A generic CiB is determined by three complex parameters ξ, q 0 and p and one integer parameter 0 ∈ Z. The parameter ξ is related to the beam "shape" as illustrated in Fig. 2 . Specific values of ξ identify some well-known beams: for instance, the limit ξ → +∞ corresponds to the LG modes, while CiBs with |ξ| = 1 correspond to the generalized Hypergeometric-Gaussian modes [21, 39, 40] . The parameter q 0 is related to the physical scale (similarly to the complex beam parameter of the Gaussian beam [23] ). Finally, p is a radial index and 0 corresponds to the carried OAM. For a circular beam, the expansion in term of LG mode was derived in [21] and it is written as 
In the previous equation N is a normalization factor given by the Hypergeometric function N =
. For simplicity, in ψ n, we did not explicitly indicate the dependence on p, 0 and ξ.
The parameters Φ and β that allow to calculate the beam quality factor can be explicitly evaluated from (12) and their value is given by Φ =
2 ] and β = ξ(Φ − p). The mean absolute value of the OAM is simply | | = | 0 |. Then, the M 2 rmsfactor depends only on |ξ|, p and | 0 | as
The behavior of M 2 rms is shown in Fig. 2 for different values of 0 and p = 2 or p = 4. In particular, when |ξ| = 1, the M 2 rms -factor has a simple expression:
Since the rms divergence can be defined in this case only when e(p) > −| 0 | (see [21] ), it can be easily checked that quality factor expressed in eq. (14) satisfies the general bound of eq. (7).
III. ENCIRCLED-ENERGY DIVERGENCE
As already noted in [21] , the CiBs with |ξ| = 1 and
where R EE (z) is the Encircled-Energy radius. R EE (z) must be calculated by the implicit relation dφ
dr rI(r, φ, z) = E 0 , with E 0 a fixed constant. Here, R EE (z) corresponds to the radius whose corresponding circle centered on the beam axis contains a given fraction E 0 of the total beam energy. By definition, the divergence θ EE is well defined for any square integrable beam.
We now show that a bound similar to (7) can be obtained for θ EE , with σ m replaced by R m ≡ min z R(z), the minimum of the encircled-energy radius. As it happens for the rms divergence, the product M 2 EE ≡ kθ EE R m is adimensional and depends only on the expansion coefficients ψ n, . As detailed in appendix B, it is possible to show that
with T ∞ ≡ lim Z→∞ T (Z). The function T (Z) is defined only in terms of the expansion coefficient by the implicit relation
where
n (t). We numerically evaluated the minimum of M 2 EE for a fixed value of OAM . For each value of , we searched for the minimum of M 2 EE by using a truncated superposition (up to n = 10) of the LG n, modes as in eq. (4). We fixed E 0 = 1 − 1/e 0.63: such value is required to achieve θ EE = θ rms for the Gaussian beams (i.e. the LG 0,0 mode). Different values of E 0 will be discussed later. The results of the numerical minimization, performed by using the Nelder-Mead algorithm [44] , are shown in Fig. 3 for different values of . For comparison, we also show the value of kθ EE R m for the LG 0, and LG 1, modes. The minimum of kθ EE R m for a random beam is slightly lower than the value obtained for the LG 0, mode, but it cannot be arbitrarily low. Indeed, our numerical minimization shows that the divergence θ EE satisfies the following bound for any beam with a fixed value of OAM given by :
with c 0 = 0.5. In figure Fig. 3 we report such bound by using a dashed line.
The value E 0 0.63 may seem arbitrary and indeed the value of the product kθ EE R m depends on such choice. For instance, as illustrated in Fig. 4 for the CiBs, by increasing the value of E 0 , the value of M 2 EE will increase. In order to check the validity of the bound in eq. (18), we tested it for different values of E 0 , obtaining the same bound (18) with different values of c 0 : in particular, for E 0 = 1 − 1/e 2 0.86 (a common value used to define the divergence) we obtained c 0 = 1.8 while for E 0 = 0.98 we obtained c 0 = 3. Details of the minimization procedure and the results for E 0 = 0.86 and E 0 = 0.98 are presented in appendix C. In appendix D we also show some examples of beams that minimize M 2 EE . We conjecture that, as long as E 0 > 0.5, the bound (18) holds. The parameter c 0 will depends on the specific value chosen for E 0 . The conjecture is based on the fact that, at large | |, the asymptotic divergence of the LG 0, modes is given by M 2 EE ∼ | | + t 2| | with t = erf −1 (2E 0 − 1) (see details in appendix C). When E 0 > 0.5 we have t > 0 and the M 2 parameter for the LG 0, is always larger than | |.
IV. CONCLUSIONS
We studied the divergence of generic beams carrying OAM. We demonstrated that the rms divergence is bounded by the absolute mean value of the beam orbital angular momentum (see eq. (7)). We have shown that such bound provides an uncertainty relation that is useful for applications involving long-distance propagation of beams and in the study of vorticity generation, in the limits of imaging and illumination in microscopy as well as in the study of quantum free-particle confined in 2D (see eq. (8), (9) and (10)). Finally, we demonstrated that a similar bound holds for a different definition of the divergence, the so called Encircled-Energy divergence. Our results prove that the presence of orbital angular momentum enhances the angular spreading of the beam, leading to an increase of the uncertainty relation between the spatial and wavevector extent. Such uncertainty implies an increased beam divergence and a lower ability in focusing the beam.
Our results are obtained for paraxial beam. A recent work [42] showed that a similar bound, kR rms sin θ rms ≥ cos θ rms + | L z |, can be achieved for non-paraxial electromagnetic beams. However, the bound was shown only for a combination of two eigenstates of the OAM operator L z = −i ∂ ∂φ . We note that the result obtained in [42] reduce to eq. (7) for OAM eigenstates and small θ (i.e. paraxial beam). Our technique, combined to the results obtained in [42] may allow to investigate the divergence properties of generic non-paraxial beams carrying OAM. We leave such investigation for future works. In this section we analytically evaluate the beam variance σ 2 r (z) and the rms divergence θ rms of a generic beam. We consider a generic paraxial beam Ψ(r, φ, z) propagating in the z direction. The beam can be expanded in the basis of the LG modes as follows:
with
Our convention for the (normalized) LG modes with beam waist parameter w 0 is the following:
where n,
n (x) is the generalized Laguerre polynomial, w(z) = w 0 1 + (z/z 0 ) 2 is the beam size, z 0 = kw 2 0 /2 is the Rayleigh range and exp[iζ(z)] = (z 0 + iz)/|z 0 + iz| is the Gouy phase. The integers n and respectively represent the radial quantum number and the OAM content of each LG mode. We note that the physical scale of the beam Ψ in eq. (A1) is determined by the value of the beam waist parameter w 0 .
The rms variance σ 2 r (z) of the beam Ψ is defined in eq. (3) of the main text. By using the LG mode expansion, the variance may be rewritten as:
The above integral on the LG modes is evaluated as [21] :
with B ,n = w 2 (z)(| | + 2n + 1) and C ,n = w 2 (z)e 2iζ(z) n(| | + n). By plugging the above result into eq. (A3) it is possible to obtain an explicit expression for σ 2 rms (z), namely:
where | | , Φ and β are parameters that depend on the expansion coefficient ψ n, as follows:
Since w(z) = w 0 1 + (z/z 0 ) 2 and exp[iζ(z)] = (z 0 + iz)/|z 0 + iz|, by defining α = 1 + | | + Φ, it is possible to show that the variance σ 2 r (z) has a parabolic dependence on z, namely:
Since the transverse scale can be fixed by w 0 or equivalently by σ m , we can express θ rms and z m in function of σ m , obtaining
We have thus demonstrated eqs. (5) and (6) of the main text.
Appendix B: Proof of the bound
In this section we demonstrate that the following bound holds:
In the previous section we have shown that, for a generic beam, kθ rms σ m = α 2 − |β| 2 , with α = n (1+2n+ | |)|ψ n, | 2 and β = n 2 n(| | + n)ψ n, ψ * n−1, . Our goal is to find a lower bound for α 2 − |β| 2 depending on the average value of the OAM.
If we define β = n 2 n(| | + n)|ψ n, ψ n−1, |, by the properties of the absolute value, it follows that |β| ≤ β and:
We now define
By expanding the square in ∆ ± it possible to show that
Then
We note that ∆ ± can be written as the expectation value of operators in a real valued vector space. Let's consider an infinite dimensional space spanned by the orthonormal vectors {|n, } with n = 0, · · · , +∞ and 
If we defineÂ ± = N + |L| + 1 ±â and a generic vector |v as |v = l n |ψ n, ||n, , we havê
Since the vectors |n, are orthonormal and thus satisfy n , |n, = δ n,n δ , the expectation value of A † ± A ± are precisely ∆ ± :
By the triangular inequality we may then bound ∆ + ∆ − :
B8) The r.h.s of the previous equation can be explicitely evaluated to give:
By combining eqs. (B2), (B4), (B8) and (B9), it follows that
Appendix C: Encircled-energy divergence
Here we evaluate the encircled-energy divergence in function of the expansion coefficient ψ n, . We consider a generic paraxial beam expanded as a superposition of LG modes, as in equation (A1). The integral dφ REE(z) 0 dr r I(x, y, x) = E 0 defining the encircledenergy radius R(z) can be written in adimensional notation as with Z = z/z 0 and
.
(C2) The minimum R m of R EE (z) should be found by minimizing the function (1 + Z 2 )T EE (Z). We define T ∞ ≡ lim Z→∞ T (Z), namely
and
n (t). By using the definition of T (Z) in eq. (C2) it is possible to show that T ∞ = 
Also in this case the product M 2 EE ≡ kθ EE R m is adimensional and depends only on the expansion coefficient ψ n, .
The above relations can be simplified for LG modes. Indeed, for an LG mode, T (Z) is an even function of Z and its minimum is obtained at Z = 0. Moreover we have T (Z) = T (0) = T ∞ ≡ T n, . Then the divergence for a LG n, mode can be expressed as 
The divergence of the LG 0, modes can be further simplified and it is expressed through special functions: in this case, equation (C6) can written as P (| | + 1, T 0, ) = E 0 , where P (a, z) is the regularized incomplee Gamma function P (a, z) = 1 Γ(a) z 0 t a−1 e −t dt. By using a formula due to Tricomi [43] the asymptotic behavior at large | | of P (a, z) is the following:
with erf(t) the error function. Then, at large | |, the asymptotic divergence of the LG 0, mode is
with t = erf −1 (2E 0 − 1). Note that when E 0 = each value of , we defined the generic wavefunction as a truncated superposition of the first N LG n, modes: Ψ ({ψ n }) = N −1 n=0 ψ n LG n, (r, φ, z) .
(D1)
The wavefunction is uniquely determined by the coefficients {ψ 0 , ψ 1 , · · · , ψ N −1 }. Due to the equivalence under a global phase, we set ψ 0 ∈ R, while we considered the remaining coefficients as complex. By using the NelderMead algorithm [44] , we search for the coefficients {ψ n } that minimize the M 2 EE . To take into account the normalization n |ψ n | 2 = 1, we adapted the algorithm to an hypersphere. We here recall that the M 2 EE parameter is defined in eq. (13) of the main text. In fig. 6 we show the iterations of the algorithm for different truncation N and for = 1 and E 0 0.63. By increasing the number of modes, the minimum value of M 2 EE decreases but it is always larger than the bound c 0 + | | with c 0 = 0.5. The procedure was repeated for different values of to obtain the graph shown in fig. 3 in the main text.
We also performed the minimization for different values of E 0 . The results are presented in Fig. 7 for E 0 0.86 and E 0 = 0.98. In both cases the bound c 0 + | | holds with c 0 = 1.8 and c 0 = 3 respectively.
Finally, in Fig. 8 , for = 0 we show the intensity patterns of the best divergence beam and the comparison with the gaussian beam (namely the lowest LG mode) and E 0 = 0.86 and E 0 = 0.98.
